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We investigate the time evolution of statistical properties of a single mode radiation field after its
interaction with a two-level atom. The entire system is described by a dispersive Jaynes-Cummings
Hamiltonian assuming the atomic state evolving from an initial superposition of its excited and
ground states, |e〉 + |g〉, and the field evolving from an initial superposition of two excited levels,
|n1〉 + |n2〉. It is found that the field evolution is periodic, the period depending on the ratio n2/n1.
The energy excitation oscillates between these two states and the statististics can be either sub- or
super-Poissonian, depending on the values n1, n2.
PACS numbers: 03.65.Yz; 42.65.Yj; 42.50.Nn
I. INTRODUCTION
More than 50 years ago a very simple model Hamil-
tonian was proposed by E.T. Jaynes and F.W. Cum-
mings (JC) to study the interaction between a two-level
atom and a quantized single mode field [1]. The aim of
the authors was to compare the quantum theory with
the semi-classical one for the radiation field. Initially,
no difference was observed, either using a classical field
E(t) = E0cos(ωt) or a quantized field assumed in one
of the most nonclassical state, as the number state |n〉.
Next, 17 years later a new calculation by Eberly et al
in 1980 [2] was implemented assuming the field initially
in a coherent state; they showed the atom exhibiting a
new nonclassical effect, then named as “collapse and re-
vival” of the atomic inversion. The effect was observed
experimentally in 1987 by G. Rempe et. al [3].
The JC model is written in the form (~ = 1),
Hˆ = ωaˆ†aˆ+ 1
2
ω0σˆz + λ(σˆ+aˆ+ aˆ
†σˆ−). (1)
In the Eq.(1) aˆ (aˆ†) stands for the annihilation (cre-
ation) operator, σ− (σ+) is the lowering (raising) op-
erator, nˆ = aˆ†aˆ is the number operator, ω (ω0) is the
field (atomic) frequency, and λ stands for the atom-field
coupling. One identifies Hˆ0 = ωaˆ†aˆ+ 12ω0σˆz as the “free
Hamiltonian” whereas Vˆ = λ(σˆ+aˆ+ aˆ
†σˆ−) is the “inter-
action Hamiltonian”. When ω = ω0 the atom and the
radiation field are resonant and we have [Hˆ0, Vˆ ] = 0; as
consequence the interaction Vˆ in the interaction picture
is the same, namely, Vˆ I = Vˆ , and this makes easier the
subsequent calculations. Now, when ∆ω = ω0 − ω 6= 0
the atom and the field are no longer in resonance; in this
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case two alternatives may occur: they can be either near
the resonance, which means ∆ωλ ≈ 1, or far from reso-
nance, ∆ωλ  1. In the first case we sum and subtract
(ωσˆz/2) to the resonant case and obtain,
Hˆ′ = ω(aˆ†aˆ+ 1
2
σˆz) +
1
2
∆ωσˆz + λ(σˆ+aˆ+ aˆ
†σˆ−). (2)
In Eq.(2), the following changes took place:
the new “free Hamiltonian” is Hˆ′0 = ω(aˆ†aˆ+ 12 σˆz) whereas
Vˆ ′ = 12∆ωσˆz + λ(σˆ+aˆ + σˆ−aˆ
†) stands for the new and
effective interaction. Then, while [Hˆ0, Vˆ ] 6= 0 we have
that [Hˆ′0, Vˆ ′] = 0 and, as consequence, the subsequent
calculations become easier again, since Vˆ ′I = Vˆ ′. In
both previous cases (in-resonance and off-resonance) we
get exact solutions.
Now, when the detuning ∆ω is large, namely: ∆ωλ  1,
the mentioned easiness to solve the problem no longer
occurs. In this case a good approximation can be ob-
tained from an equivalent interaction Hamiltonian Vˆ ′′,
constructed from the Eq.(2), named dispersive JC model,
given by
Vˆ ′′ = λ′nˆ(|i〉〈i|+ |e〉〈e|), (3)
where λ′ is the effective coupling involving the parameter
λ and the frequency shift ∆ω of the cavity (detuning
∆ω  λ).
II. DISPERSIVE JC MODEL
The Eq.(3) represents the dispersive JC model: it de-
scribes the field interacting with a 2-level atom, with
respect to the levels |e〉 and |i〉, where |i〉 represents a
virtual state. Hence, when initially an atom previously
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2prepared in a superposed state |ψA〉 = (|e〉 + |g〉)/
√
2
[4] enters a microwave cavity that contains a field in an
arbitrary normalized state |ψF 〉, there is no exchange of
energy between the atom and the field with respect to
the atomic levels |e〉 and |g〉.
In this scenario, the unitary operator Uˆ(t) =
exp(−itVˆ ′′) = exp[−itλ′nˆ(|i〉〈i| + |e〉〈e|)] describes in
which way the atom-field system evolves in time. Thus
we have,
|ψAF (t)〉 = 1√
2
Uˆ(t)[(|e〉+ |g〉)|ψF 〉]. (4)
Next, after using some algebra involving the equality
(Vˆ ′′)n = ωnnˆn(|i〉〈i| + (−1)n|e〉〈e|) we obtain the en-
tangled state, with φ(t) = λ′t,
|ψAF (t)〉 = |g〉|ψF 〉+ |e〉(eiφ(t)nˆ|ψF 〉). (5)
The Eq.(5) shows that the dispersive interaction affects
only the phase of the field, thus no exchange of energy
occurs between the atom and the field. Also, the Eq.(5)
corresponds to the state of the combined atom-field sys-
tem right after the atom has crossed the cavity, at an
intant of time t = τ . The evolution of the field state oc-
curs during the atom-field interaction in the time interval
0 ≤ t ≤ τ ; τ is defined by the speed of the atom and the
length of the cavity.
The JC model in these three versions: resonant, near
resonance, and far from resonance, has been explored by
many researchers. As examples of works in the first sce-
nario we mention the Refs. [5, 6]; in the second scenario
[7, 8] and in the third [9, 10]. In the latter case, the
approach became important to treat the Schro¨dinger cat
problem [11, 12]. It is worth mentioning that the JC
model may include various extensions: one of them adds
the counter rotating term λ′(aˆ†σˆ+ + aˆσˆ−) to the usual
interaction [13]; it comes from the original interaction,
Vˆ = dˆ · Eˆ, where dˆ ∼ (σˆ+ + σˆ−) and Eˆ ∼ (aˆ† + aˆ); an-
other extension treats the case of multiphoton interaction
λ[aˆpσˆ++(aˆ
†)pσˆ−], p = 2, 3, 4, ... [14–16]; etc. Other kinds
of extensions also appear in the literature: one of them
extends the JC model to another, named Buck-Sukumar
model [17]; another interpolates between the JC model
to the Sivakumar model [18]; yet another going from the
JC model to the Rodr´ıguez–Lara model [19]; a model
that includes ‘quonic’ particles was also proposed: it ex-
tends the JC Model to the Shanta-Chaturvedi-Arinivasan
model [20]. A generalized model (VB model) that in-
cludes all these previous (bosonic) models has been pro-
posed [21]. Although not very usual, the JC model is also
treated in the Heisenberg picture [22]. Now, according to
the Eq.(5),if we let the traveling atom traverse a second
Ramsey zone [23], this apparatus leads the atom in the
state |e〉 to the superposed state (|e〉+ |g〉) and leads the
atom in the state |g〉 to (|g〉 − |e〉). Then we get,
|ψAF (t)〉 = |g〉(|ψF 〉+ |ψ′F 〉) + |e〉(|ψ′F 〉 − |ψF 〉), (6)
where |ψ′F 〉 = eiφnˆ|ψF 〉. Next, if the atom is detected in
its ground state |g〉, the field inside cavity is projected in
the even superposition |ψF (t)〉 = |ψF 〉+ eiφnˆ|ψF 〉. As an
application we assume the field state initially in the nor-
malized superposition of two excited number state [24]:
|ψF (0)〉 = (|n1〉 + |n2〉)/
√
2. Substituting this state in
the Eq.(6) we obtain the evolved field in the state, with
φ = φ(t) = λ′t,
|ψF (t)〉 = 1√
2
[(|n1〉+ |n2〉) + (eiφnˆ1 |n1〉+ eiφnˆ2 |n2〉)]
=
2√
2
[e
iφn1
2 (cos
φn1
2
)|n1〉+ e
iφn2
2 (cos
φn2
2
)|n2〉].
(7)
We now can write the normalized state as
|ψF (t)〉 = η[e
iφn1
2 (cos
φn1
2
)|n1〉+ e
iφn2
2 (cos
φn2
2
)|n2〉],
(8)
where η = (cos2 θ1 + cos
2 θ2)
−1/2 is the normalization
factor, with θi = φni/2, i = 1, 2.
III. STATISTICAL PROPERTIES
The result in Eq.(8) allows us to obtain statistical
properties of the field, as follows:
A. Statistical Distribution
From the Eq.(8) we obtain the time evolution of the
statistical distribution Pn(t). We have,
Pn(t) = |〈n|ψF (t)〉|2
= η2|e iφn12 (cos φn1
2
)δn,n1 + e
iφn2
2 (cos
φn2
2
)δn,n2 |2.
(9)
Since in this case we find that Pn(t) = 1 for all times,
then the relevant behavior concerns the statistics Pn1(t)
and Pn2(t) : they show in which way the exchange of ex-
citations occurs between the components |n1〉 and |n2〉.
Figs.1(a), 1(b), 1(c) and 1(d) show the time evolution
of the statistical distributions Pn1(t) and Pn2(t) for the
field in the state |ψF (t)〉, for various values of the exci-
tations n1 and n2. The behaviors of these distributions
are oscillatory, e.g., with period τ = 2pi for the pairs
(n1 = 1, n2 = 3) and (n1 = 1, n2 = 2) and τ = pi for
the pair (n1 = 2, n2 = 6) and τ = 2pi/5 for the pair
(n1 = 5, n2 = 10). We note that, although having differ-
ent periods, all pairs (n1, n2) and (n
′
1, n
′
2) have the same
behavior when n′1/n1 = n
′
2/n2 = p, with p = 2, 3, 4, ... In
addition we observe that when P (ni) = 1 all field excita-
tion concentrates into the component |ni〉, as it should.
For example, the state |n1〉 = |1〉 becomes pure at
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FIG. 1. Time evolution of statistical distribution for the two
field components |n1〉 and |n2〉, it shows in which way these
components exchange their energies: (a) for n1 = 1 and n2 =
3; (b) for n1 = 2 and n2 = 6; (c) for n1 = 1 and n2 = 2; (d)
for n1 = 5 and n2 = 10.
τ ′ = 1.05 and τ ′′ = 5.24 (in Fig.1(a)) and at τ ′ = pi/2
and τ ′′ = 3pi/2 (in Fig.1(c)). At these points the entire
field state becomes a number state, |ψF (t)〉 = |n1〉.
B. Mandel Parameter
The Mandel parameter informs whether the statistics
is either Poissonian, sub-Poissonian or super-Poissonian
[25]. To this end we must first calculate the variance of
photon number, 〈(4nˆ)2〉 = 〈nˆ2〉 − 〈nˆ〉2. From the Eq.(8)
we obtain, for 〈nˆ(φ)〉, 〈nˆ2(φ)〉 and 〈nˆ(φ)〉2, with φ =
φ(t) = λ′t,
〈nˆ(φ)〉 = η2[n1 cos2(φn1
2
) + n2 cos
2(
φn2
2
)], (10)
〈nˆ2(φ)〉 = η2[n21 cos2(
φn1
2
) + n22 cos
2(
φn2
2
)], (11)
and 〈nˆ(φ)〉2 is obtained from the Eq.(10). Thus, from
Eqs.(10) and (11) we obtain the Mandel parameter.
Q =
〈(∆nˆ)2〉 − 〈nˆ〉
〈nˆ〉
=
1
〈nˆ〉{η
2[n21 cos
2(
φn1
2
) + n22 cos
2(
φn2
2
)]
−η4[n21 cos4(
φn1
2
) + n22 cos
4(
φn2
2
)
+2n1n2 cos
2(
φn1
2
) cos2(
φn2
2
)]− 〈nˆ〉}. (12)
FIG. 2. (a)-Plots for the Mandel parameters for the pairs
(n1, n2) = (4, 5) and (8, 10) respectively; (b)- Same as in
Fig.2(a), for (n1, n2) = (1, 3) and (3, 9); (c) Same as in
Fig.2(a), for (n1, n2) = (1, 5) and (2, 10).
Figs.2(a), 2(b) and 2(c) show the evolution of the Man-
del parameter for various excitation values of the initial
excitations in the components |n1〉 and |n2〉. All plots in
Fig.2(a) exhibit the sub-Poissonian effect (−1 < Q < 0)
during their respective periods τ = 2pi and τ = pi for
the pairs (n1, n2): (4, 5) and (8, 10), respectively. In
Fig.2(b) the pair (1, 3) exhibit sub-Poissonian effect dur-
ing all period, however, the pair (3, 9) exhibit sub- and
super-Poissonian effect during the period τ = 2pi/3. The
sub-Poissonian effect is shown for very short time inter-
vals in Fig.2(c); Concerning the Fig.2(c), the state re-
mains sub-Poissonian for times in the respective periods,
as also shown in Fig.2(b).
Now, all results obtained above can be extended to
initial field states with two Fock components having un-
equal weights, e.g., |ψF (0)〉 = c1|n1〉+ c2|n2〉 with |c1|2+
|c2|2 = 1. At this point a few words should be devoted
on how to get an available initial superposed state of the
type used here, as |ψF (0)〉 = (|n1〉 + |n2〉)/
√
2 or one of
its extensions. In Fig.(3) below, the Fig.3(a) represents
a coherent state |α〉 inside a good cavity. As well known,
by making a conveniently prepared two-level atom that
crosses the cavity and interacts with a coherent state,
it transforms the coherent state into a superposition of
two coherent states, including the so called “Schrodinger-
cat” state when a rotation by an angle θ = pi in the
phase space affects the coherent state [11]. Now, as
one example, the Ref.[24] studied the generation of var-
ious superposition states when N atoms cross the cav-
ity, N = 1, 2, 3, ... suscessively with convenient speeds
υN = υN−1/2. The wavefunction describing the system
is given by,
∣∣Ψ±N (α)〉 = ∞∑
n=0
C±N (n;α) |n〉 , (13)
4FIG. 3. Photon number distribition displaying the creation
of the superposition of two number states. a) α = 3.0 and
N = 2; b) α = 1.009 and N = 2; c) α = 3.482 and N = 3; d)
α = 4.899 and N = 4.
where,
C±N (n;α) =
〈
n|Ψ±N (α)
〉
,
= [22N exp(α2)β±N (α
2)]−1/2 exp(− |α|2 /2)αn
× (−1)
n ± 1√
n!
2N−1−1∑
j=0
exp(
inpij
2N−1
), (14)
with β±N (α
2) for N > 1, standing for,
β±N (α
2) =
1
2N−1
β±1 (α
2) +
1
22(N−1)
2N−1−1∑
k=0
{(2N − 2k)
× cos[α2 sin(pik/2N−1)]β±1 [α2 cos(pik/2N−1)]},
(15)
and β±1 (α
2) = 12 [exp(α
2) ± exp(−α2)] for N = 1. Thus
the probability of photon number distribution is obtained
from the expression,
P±N (n;α) =
∣∣〈n|Ψ±N (α)〉∣∣2 , (16)
the sign (+) standing for the even state and sign (−) for
the odd state.
From convenient choices of values of α and N one gets
the results displayed in Fig.3(b), 3(c), and 3(d). Fig.3(b)
is one of the results when passing two atoms, for the
states |1〉 and |3〉; Fig.3(c) concerns the case of three
atoms, leading to the states |8〉 and |16〉; Fig.3(d) is the
case of four atoms leading to the states |16〉 and |32〉.
Other pairs of Fock components can also be obtained,
as the approximate pair |4〉 and |8〉 shown in Fig.4(a) of
Ref.[24], using two atoms.
IV. CONCLUSION
The plots of the statistical distributions Pn1 and Pn2
show in which way the field state |ψF (t)〉 shares its ex-
citation to components |n1〉 and |n2〉. We note the simi-
larities that occur for the pairs of components |n1〉, |n2〉
and |n′1〉, |n′2〉 when n′1/n1 = n′2/n = p, p = 1, 2, 3, ...;
they show the same behavior, but in different periods,
e.g., one of them being τ the other is τ ′ = τ/p. The
plots of the Mandel parameter show the occurrence of
sub-Poissonian statistics in Fig.2(a) and (partial) super-
Poissonian statistics in Fig.2(b) and 2(c). Moreover, we
verify that the larger the difference between the val-
ues n1 and n2 (n2 − n1  1), the larger is the super-
Poissonian character of the statistics. Again, the same
similarities found in Fig.1 is also observed in Fig.2 for
the case n′1/n1 = n
′
2/n = p. During all the state evolu-
tion no squeezing effect was observed and, according to
the Ref.[25], one would observe this effect only when the
field state |ψF (t)〉 can distribute his excitation to more
than two Fock components. Finally, some words were
dedicated on how to prepare a generalized initial state
|ψF (0)〉 = c1|n1〉+c2|n2〉, as one of them assumed in this
report.
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